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Abstract: We study the Einstein-Dirac equation as well as the weak Killing equation 
on Riemannian spin manifolds with codimension one foliation. We prove that, for any 
manifold M" admitting real Killing spinors (resp. parallel spinors), there exist warped 
product metrics rj on M" x M such that (M" x M, rj) admit Einstein spinors (resp. weak 
Killing spinors). To prove the result we split the Einstein-Dirac equation into evolution 
equations and constraints, by means of Cartan's frame formalism, and apply the local 
preservation property of constraints. 
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1 Introduction 

Let {P^,r]) be an m-dimensional smooth oriented Riemannian spin manifold and denote 
by Ric and S the Ricci tensor and the scalar curvature, respectively. Let ( , ) = Re( , ) be 
the real part of the standard Hermitian product ( , ) on the spinor bundle S(P) over P™. 
Let D be the Dirac operator acting on sections £ r(S(P)) of the spinor bundle S(P). 
The Einstein-Dirac equation is a minimal coupling of the Dirac equation to the Einstein 
equation and defined by (see [11]) 

Dip = Xif), Ric — -5*77 = T, 
where A G M is some real number and the energy-momentum tensor T is given by 

T(X, Y) = ±\{X- Vvi' + Y ■ Vx^P, 
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A non-trivial spinor field ip solving this Einstein-Dirac system is called an Einstein spinor 
to eigenvalue A G M. In case that the scalar curvature S does not vanish at any point, one 
defines the weak Killing equation by 



m 



dS{X)i; + 
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where A G M is some real number. A non-trivial solution il) to the equation is called a weak 
Killing spinor to weak Killing number A (shortly, WK-spinor to WK-number A). Since 
rescaling the length of any WK-spinor provides an Einstein spinor, the WK-equation 

is stronger than the Einstein-Dirac equation (In dimension n = 3, the considered two 
equations are essentially equivalent). Moreover, the WK-equation reduces to the Killing 
equation [3,8], 



if the metric is Einstein. 

Till now, the known examples of the Einstein spinors on Riemannian manifolds are as 

follows: 

(i) Real Killing spinors [2,3,9,15]. 

(ii) WK-spinors on quasi-Einstein Sasakian manifolds [11]. 

(iii) Einstein spinors on product manifolds x N'^ , where is a six-dimensional 
simply connected nearly Kahler manifold and N'^ is a manifold of general dimension r 
admitting Killing spinors [11]. 

(iv) WK-spinors on the three-dimensional sphere with non-standard merics [4,10,11]. 

(v) WK-spinors on the three-dimensional Euclidean space with non-constant scalar 
curvature [11,13]. 

The object of this paper is to establish a special existence theorem for WK- as well as 
Einstein spinors. Namely, we prove the following theorem (see Theorem 5.1, Theorem 7.1 
and Corollary 7.1). Interestingly, we find that the WK-spinors constructed on with 
non-constant scalar curvature (see [11], p. 171) are a special case of this theorem. 

Main Theorem: Let {M^,gM) be a Riemannian manifold admitting a real Killing spinor 
ipM- Then, for any real number Xq G M, there exists a warped product metric rj on 
Q"'~^^ = M" X M such that {Q"'~^^,r]) admits an Einstein spinor tp to eigenvalue Xq. In 
particular, if ipM is a parallel spinor, then the Einstein spinor i/j becomes a WK-spinor to 
WK-number Xq . 

The key idea to prove the theorem is to split the Einstein-Dirac equation into evolution 
equations and constraints and apply the local preservation property of the constraints. 
We will explicitly give an initial-value formulation for the Einstein-Dirac equation, in 
Riemannian setting, and solve it for a specific class of initial data sets. It is well-known 



Vxip = X ■ ip, 



m 
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that, in Riemannian signature the Einstein equations are generally of elliptic type, making 
the initial-value problem (the Cauchy problem) for general smooth data inappropriate. 
However, when the considered Riemannian manofolds admit a codimension one foliation, 
one can represent the Einstein equations to be of hyperbolic type, just as one does over 
Lorentzian manifolds, and can indeed formulate the initial- value problem in a natural way. 

So far, not much has been studied about the initial-vahie problem for the Einstein-Dirac 
equation. In Lorentzian signature, the spacclike initial-value problem for the Einstein- 
Dirac system was considered by Bao/Isenberg/Yasskin [1] in terms of 3-1-1 Hamiltonian 
formalism, but no existence theorem was proved there. Recently, Priedrich/Rendall in- 
dicated [7], in terms of Penrose's two-spinor formalism, that the Einstein-Dirac equation 
may be reduced to symmetric hyperbolic evolution equations, illustrating some questions 
arising in the reduction. 

In this paper we give an invariant description of the initial-value formulation for the 
Einstein-Dirac equation on Riemannian manifolds with codimension one foliation, in an 
explicit form and in complete generality. The splitting of the Einstein-Dirac equation into 
evolution equations and constraints will be achieved in terms of Cartan's frame formalism, 
and hence our formulation is valid on Riemannian manifolds M" x R of general dimension 
n + 1. The first three sections (Section 2,3,4) of the paper are devoted to establishing the 
basic framework, the hyperbolic representation of curvatures and the Dirac equation, on 
(possibly compact) manifolds with codimension one foliation, and the framework may be 
of independent interest for further study of the behaviour of spinor field equations under 
global change of metrics. 



2 Representation of curvatures and the Dirac equation with 
respect to reference metric 

Let be an m-dimensional simply-connected smooth oriented manifold allowing spin 
structure, and let rj,r] be two Riemannian metrics on P™". Henceforth we fix the notation 
r] to denote a reference metric. Then there exists a unique (1, l)-tensor field K on P*" 
that is positive definite with respect to rj and satisfies 



for all vector fields X,Y. Recall that the Levi-Civita connection of {P"^,r]) is charac- 
terized by the Koszul formula 



rj{X,Y) = rj{K{X),K{Y)) 



2^(Z, V^y) = X{rj{Y,Z)} + Y{fjiZ,X)}-Z{rjiX,Y)} 



+r]{Z, [X, Y]) + r}{Y, [Z, X]) - r/(X, [Y, Z]). 



Letting {Ei, . . . ,E^) be a local ry-orthonormal frame field on P"*, for which 




1 — 



K-\E^),... 



Fm = K-\Em)) 
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is 77-orthonormal, and inserting X = Fi, Y = Fj, Z = into the Koszul formula, we have 

= v{Ek, K{[K-\Ei),K-\Ej)]})+n(^Ej,K{[K-\Ek),K-\Ei)]}) 

-7j[E,,K{[K-\Ej),K-\Ek)]}) 
= v{Ek, KiV^Fj) - KiVl.F,)) + n^Ej, K{y\F,) - if(V^/fe)) 

-ri{Ei, K{Vl.Fu) - K{V\Fj)) 

= r^{Ek, K{{VlK-^){Ej)} + V\E, - K{{Vl^K-^m)] - V^E,) 

+r^[E„ K{iV\K-'m)} + VIE, - K{{VlK-^){Ek)} - VlE,) 

-rj[E,, K{{VlK-^){E,)} + V^E, - K{{V\K-'){Ej)} - V\E,) 

= 2r,[E,,Vl_,^j,^^E,) 

+r,[E,, K{{Vl_,^^^^K-'){Ej)} - K{{Vl_,^^^^K-'m)}) 

Thus we obtain the following formula. 

Proposition 2.1 The Levi-Civita connections V^, V are related by 

Vj-i(x) {K-HY)) = (vl.,^^^Y)+K-^{Ar,{X,Y)}, 
where is the (1,2) -tensor field defined by 

2r?(A,(X,y),Z) = r?(z,i^{(V^_,(^)i^-i)(y)}-i^{(V^_,(^)K-i)(X)}) 

+V (y, K{iVl.,^^^K-'){X)} - i^{(V^_,(^)K-i)(Z)}) 
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Remark 2.1 (i) The exact difference between the Levi-Civita connections V, is 
related to the tensor by 

V|y - V^r = K-\K^{KX, KY)] + K-\{VlK){Y)]. 

(ii) The relation 

r?(A,(X, Z),Y) + r,{Ar,{X, Y),Z) = 

is valid for all vector fields X, Y, Z. 

(iii) Since 

A,{X, Y) - A,{Y,X) = K {{Vl_,^K-^){Y)} - K {(V^_,^i^-i)(X)} , 

= vanishes identically if and only if A^(X, y) = A^(y, X) for all vector fields X^Y. 

We will often use the shorthand notation A^ = A, if there is no possibility of confusion. 
Proposition 2.1 enables us to describe the behaviour of curvatures under global change of 
metrics in a nice way : A direct computation gives 

Rjj{K-^X, K-^Z){K-^Y) - K-^ {R^{K-^X, K'^ Z){Y)] 

= {(v^_,(^)A)(z,y) - (v^_,(^)A)(x,y)} 
+k-^{a{x, a{z, y)) - A{z, A{x, y)) } 

+K-^{AiA{Z,X) - A{X,Z),Y)Y 

where Rjj (resp. Rrj) is the Riemann tensor of rj (resp. rj). Contracting both sides of the 
equation, we can now represent the Ricci curvature Ric^ as well as the scalar curvature 
Srf with respect to the reference metric rj. 



Proposition 2.2 

m 

RiCrfiK-^K-'Z) -J2v{e„ R^{K-^Ej,K-^Z){Y)) 

m 

= 5^r?(£;„ (v^_,^/)(z,y)-(v^_,^A)(£;„y)) 

m 

+ E ^ (^.- , KEj,A{Z,Y))- A{A{Ej , Z) , Y)) , 
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In particular, 

m 

m m 

i,j=l i,j,k=l 

m 

- r]iEk,A{Ei,Ej))riiEk,A{Ej,Ei)). 

i,j,k=l 

Next, we review briefly the behaviour of the Dirac operator under change of metrics. 

Let T{P) be the tangent bundle of P*", and let ^(P)^^ (resp. E(P)^) be the spinor bundle 
of {P,f]) (rcsp. {P,rj)) equipped with the standard Hcrmitian product (, )jj (resp. (, )^). 
We know that there exists a natural isomorphism K : T,{P)- — > ^(-f ),j with 

{K{^) , = {if, ^)^, {KZ) ■ {Kil^) = K{Z . 

for all Z e r(P), <f,iJG Y,{P)^, where the dots "•" in the latter relation indicate the Clif- 
ford multiplication with respect to 77 and rj, respectively. In terms of local ^-orthonormal 
frame field (Pi, . . . ,Pm), the spin derivative V'^ip is expressed as 

^ m 

vl^ = x{^) + ^ ^ • v|Pi -if, <fe r(E(P)^), 
1=1 

and the Dirac operator Djjip as 

m 

j=i 

Making use of the formula in Proposition 2.1, one finds now readily that the spinor deriva- 
tives V^, and the Dirac operators Djf, are related as follows. 



Proposition 2.3 (see [5]) For all V € r(S(P)^), 

k,l=l 

m ^ m 

[koDrjo{k)-^Y,p) = + 1 E ^jkiEj-Ek-Er^p 

i=l j,k,l=l 
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i=l j,k=l 
^ m 

+ 2 XI ^^j'^'- + ^-^'J + ^lik)Ej -Ek-Ei-ijj, 
j<k<l 

where Aj^i ■= rj{Ar,{Ej,Ek),Ei). 

3 Representation of curvatures on manifolds with codimen- 
sion one foliation 

In this section we establish an intrinsic setting of the formulas that constitute the well- 
known evolution system for the Einstein (vacuum) equation (see [6,7]). The evolution sys- 
tem consists of two differential equations, describing the evolution of metrics (see Corollary 
3.1) and the evolution of symmetric (0,2)-tensor fields (see Proposition 3.2), respectively. 
The main aim of this section is to represent the Ricci tensor Ric^^ hyperbolically with re- 
spect to codimension one foliation. We use the terminology " hyperbolic representation" in 
the sense that such representation of differential operators, on manifolds with codimen- 
sion one foliation, transforms field equations of elliptic type involving metrics to hyperbolic 
systems in PDE theory. Note in this view that the formulas in Proposition 2.2 may be 
thought of as the elliptic representation of curvatures. 

Let {Q^^^,rj) be an (n+l)-dimensional smooth oriented Riemannian spin manifold. 
We assume that there exists a codimension one foliation on {Q"'^^-,rj) defined by a unit 
vector field with dE'^^^ = 0, where = r]{En+i, •) is the dual 1-form of En+i- 

Letting denote the ry-orthogonal complement of E'n+i in the tangent bundle T{Q), 

we note that dE^^^ = implies the following facts(e.g. see [14]): 

(i) For all vector fields V,W belonging to E^^^, all of [V,W], V^^^^F and V^£;„+i 
belong to E:^_^-^ . 

(ii) Vl^^^En+l=0. 

(iii) If (5^+^ is compact, then all the slices of the foliation are diffeomorphic. 

(iv) If Q^~^^ is simply-connected, then E^~^^ = ds for some real-valued function 
s : Q"^^ — > M ((3"+^ must be noncompact) and the foliation is defined by the level 
hypersurfaces s = constant. 

Let {El, . . . , En, En+i) be a local ?7-orthonormal frame field on Q"^^, with Ej G 
E^^^,j = l,---,n, and (^\ . . . , E**, E"+i) the dual frame field. Denote «)^(^^+i) the 
space of all (r, s)-tensor fields B on Q""*"-^ such that 

r]{Ei^ ®---®Ei^, B{Ej^ (g) • • • (g) EjJ) = 0, 

whenever either i^ = n + 1 for some i^ or j/ = n + 1 for some ji . Now, consider a positive 
definite (l,l)-tensor field K on (Q""*"^, ry). Letting 7/ be the metric induced by K via 
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r){X,Y) = ri{K{X),K{Y)) and identifying 77 with K^, we can express 77 as 

n 

+{r?(L(C), L(C)) + ® 

where L e <8)i(-^rH-i)' C ^ <^o(-^n+i) ^'^d p : Q"''"''^ — >■ M is a positive function. 
This may be thought of as an intrinsic (Riemannian) version of the well-known ADM- 
representation of metrics in general relativity. ^ agrees with the shift vector field and p 
with the lapse function. Note that the (l,l)-tensor is related to the (l,l)-tensor by 

K\V) = L\V) + ri{L\C), V)En+i 

for all vector fields V G (g)J(£?j^^_i) and 

K^{En+i) = L\C) + {r/(L(C), L(C)) + p'}i?n+i. 

Furthermore, is positive definite on each slice of the foliation and, on the slices, coincides 
with the metrics induced by K^. Certainly, 

(Fi := L-\E^), . . . ,F„ := L-\En),Fn+i := p'HEn+i - Q) 

is a local ^-orthonormal frame field on Q"^"*"^ , its dual frame field being given by 

F' = L{E') + r]{L{C),Ei)E''+\ F''+^ = pE^'+K 

Let Z he & vector field on Q"''^^, and let V, W be vector fields in -E^+i. In what follows 
we fix the notations V,W to mean vector fields in -E^^^. Then, one verifies easily the 
following basic identities: 

rjiV,W) = v{L\V),W) = v{V,L\W))=rimV),L{W)), 



rjiEn+i,Er,+i) = ?7(L(C),L(C))+p^ 
r](Z,Fn+i) = pr](Z,En+i), 



fj{V,Fn+i) = 0. 

The identity 77(V,F„_|_i) = in the last line implies that E^_^_^ coincides with the rj- 
orthogonal complement of -Fn+i in T{Q). 
We let 

ll(V) := -V^Fn+i and e{V) := -V^En+i 
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denote the second fundamental form, on each shce, defined by the unit vector field Fn+i 
and En+i, respectively. Let g (resp. g) denote the metric, on each slice, induced by r/ 
(resp. T]) and (resp. V^) its Levi-Civita connection. In the notations, the tensor L 
satisfies 

{VlL){W) = {V'^L){W) + e{V,L{W))En+i, 

(V^L)(i^„+i) = L{e{V)). 

In order to represent curvatures of rj hyperbolically with respect to codimension one 
foliation (Proposition 3.2), we must explicitly know how the connection V is related to 
the connections V and V^. This is done in the following proposition, which may be 
thought of as the hyperbolic version of Proposition 2.1. 

Proposition 3.1 

» V^/,=V|,/,+II(F„F,)F„+i (l<i,J<n) 

= L-\Vl.,^E,) + L-'{A,iEi,Ej)} + U{L-'E„L-'Ej){p-\En+i - ()}, 

{ii) p-V\^,Fj 

= L-\Vl^^Ej) - L-\VlEj) + l{Vl^^^L-'){Ej) - i(Vf L-i)(£;,-) 
1 1 1 ™ 

i=l 

-2 E '^l^^' i^L)iL-'E,) + L(Vi_,^X) + {Lo&o L-^){Ei))L-^Ei 
1=1 

+dp{L-^Ej)Fn+i, 
(m) -p ■ Vl.Fn+i = p ■ ll{L-^Ej) 

i=l 
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i=l 

n 

1=1 

Proof. One computes directly, substituting the identities 
[Fr,+^,V]=V\^V + ll{V) 

= p-'dpiV)Fn+l + p-'[En+l,V] + p-\V, C] 

= p-^dpiv)Fn+i + p-^vl^^v + p-'@iv) + p-^[V, c]. 

in the Koszul formula. ■ 

We can equivalently rewrite the third equation (iii) in Proposition 3.1 as follows. 
Corollary 3.1 

2p.U{V,W) = -v{{Vl^^^L){V), L{W))-rj{L{V)A^l„^,L){W^ 
+r?((VfL)(y), LiW)) + viLiV), (VfL)(l^)) 
+r?(Vf.C + e(y), L\W))+v{L\V), VlC + QiW)). 

To prove Proposition 3.2 below, we need to recall the Gauss-Codazzi equations that 
relates the curvatures of {Q"''^^,r}) to the curvatures of the slices. 



Lemma 3.1 

(i) Rn{Vi,V2){V3) - Rg{Vi,V2){V3) 

= U{Vi, V3)11{V2) - U{V2, VsMVi) + [iVlU){V2, Vs) - (Vf. II)(Fi, F3)}i^n+1, 
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{ii) RiCrfiW) - R^{W, Fn+l){Fn+l) - RiCg{W) 

= (IIoII)(W) - (TVjII)II(W) + {d{TvgIl){W) - (div^II)(T^)}F„+i, 
{in) Srj-2- Ric^(F„+i, - Sg = TV^(Il2) - (TVgll)^. 

Proposition 3.2 

= p • {Ric^(F, W) - mCg{V, W) - 2r}{V, lf{W)) + {TrgU)ll{V, W)} 

+(VflI)(F,T^) +rj{ll{V),VlO +miW),VlO 

+r]ieiV),U{W)) + r]{@{W),U{V)) + {Vldp)iV). 
Proof. Via a direct computation, we have 

= Vl,{Vl^^^Fn+i)+p-'dp{W)V\^^Fr,+i - (IIoII)(W-) 

+p-'[Er,+i,uiw)] - p-'iCMw)] - p-'mEr,+uW]) - p-Hii[w,c]). 

Using the equation (iv) in Proposition 3.1, we compute 
rj{V, R^{W,F^+,){F^+,)) 

= W{rj{V, V\^^F^+i)} - viV^V, V\^,Fn+i) + p-Up{W)rjiV, V\^,F^+^) 
-rjiV, U\W)) + p-'r]{V, [En+iMW)]) - p-'r]{V, [(, U{W)]) 
-p-^rjiII{V), [En+i,W]) + p-'fjiII{V), [C, W]) 

= p-''dp{V)dp{W) - p'\Vldp){V) - p-'dp{VlV) 
+p-'dp{VlrV) - p-^dp{V)dpiW) - fj{V,U\W)) 
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+rj(v, -p-idp(II(VF))F,+i) -r?(ll(y), [F^+i,W] - p-'dpiW)Fr,+^) 

= -p-HVldp){V)-rj{V,ll\W)) +rjiV, II(W)]) - r?(II(y), [F^+i,W]). 

On the other hand, from the Koszul formula for V^, we know that 

= Fn+i{fjiV,II{W))} + fj{V, [Fn+i,U(W)]) - fjiII{W), [Fn+i,V]) 
= 2F„+i{r?(y, II(T^))} + 2rj{V\^V, V^F„+i), 

which gives 

fj{V, [Fn+l,lI{W)]) - fjiIl{W), [Fn+l,V]) 

= Fr,+i{f}{V, IliW))} + 2r]iV\^V, ylFn+i). 
Then, the equation above for rjiy, becomes 

= -p-\V'wdp){V)-r]{V,ll\W))+Fn+i{r]{V.'^m))} 

+2riiV\^,V, V^F„+i) + r]{ll{W), [Fn+uV]) - r]{ll{V), W\) 

= w))} - p-\vl,dp){v) - viv, ii\w)) 

-2fj[p-^vl^^v + p-'e{v) -uiv) - p-'[C,v], iiiw)) 
+'n{p-'vl^^,v + p-'@{v) - p-% V], ii{w)) 
-v{p~'^l„^,w + p-'eiw) - p-' [c, w], . 

Rewriting yields, 

w)} = pF„+i{ii(y, w)} + c{ii(v, w)} 

= p-fj{V, RrjiW,Fr,+i)iFn+l)) + {Vldp)iV)-pfj{V,ll\W)) 

-m{v), [C, w]) - fj{ii{w), [C, V]) + fj{ii{v), Kr^^.w) + miw), ^l„^,v) 

+rjill{V),Q{W)) + rj{U{W), e{V)) + C{II(F, W)}. 
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With the help of the equation (ii) in Lemma 3.1 and the identities, 

C{u{v, w)} = (vfii)Ci/, w) + ii(vfF, w) + v^w), 

we obtain the asserted formula of the proposition. ■ 

Remark 3.1 Contracting the equation in Proposition 3.2 and applying (iii) in Lemma 
3.1, we obtain the following formula for Ric5j(F„+i, 

p ■ Ric,j{Fn+uFn+i) = TigiVl^^ll) - Tr^(Vfll) + p • Tr^(Il2) 

TL fl fl 

-2^r?(II(F,), VlO - 2^r?(e(F,), II(F,)) - J2iK4p){F,). 

i=l i=l i=l 



4 Representation of the Dirac equation on manifolds with 
codimension one foHation 

In this section we will represent the Dirac equation on (Q"^^, rj) hyperbolically with respect 
to codimension one foliation (see Proposition 4.1 and Corollary 4.1). Let us fix a slice 
(M",5) of the fohated manifold (Q"+\?7). We will identify S(g)^ with E(Q)^ and V e 
T(Ti{Q)fi) with its pullback K{Tp), via the natural isomorphism K : — > Ti{Q),^, 
and write simply as and ip, respectively. Depending on the dimension n + 1 of 

the manifold Q""*"^, we will use two different Clifford multiplications in the subbundle 
S(M) C For the realization of the Clifford algebra over R, we refer to [11]. Let 

C1(M) (resp. C1(Q)) denote the CHfford bundle over (resp. 

(i) In case of n = 2m, we use the CHfford multiphcation C1(M) x S(M) — > T,{M) 
that is naturally related to the one Cl{Q) x T,{Q) — > ^{Q) via 

7r*(Fi-V) = Fi-in^ilj), 1 < i < 2m, 

where vr* : — > S(M) is the restriction map and pj is the volume clement of (M^"^, ^). 
The second relation is an immediate consequence of the algebraic relation 

(ii) In the other case n = 2m — 1, we identify the spinor bundle S(M) with the positive 
part S'^((5) of the bundle 5](Q) restricted to M^"*""^, and we use the Clifford multiplication 
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C1(M) X S(M) — > S(M) that is naturally related to Cl+(g) x S+(Q) — ^ T,+{Q) via 
7^t{Fi-F2m-^^) = i^i • (7r+V'+), l<i<2m-l, 

7r+(Ffc-FrV'+) = Ffc • Fr l<k<l<2m-l, 

where tt^ : — > S(M) is the restriction map and Cl^(Q) is the positive part of 
C1(Q). 

Recall that the spin derivatives V^ip, V^V related, on Q""*"^, by 

v^V; = v^V + ^n(F).F„+i-v. 

In view of the rule of Clifford multiplication described above, we find that, in case of 
n = 2m, the formula is projected to the slice (M^™,^) as 

MVU) = V^(7r.^) + i(v^)-+ilI(F) . (;r.^). 

However, in the other case n = 2m — 1, the projection is only possible if ^/^ = il)'^ belongs 
entirely to the positive part S"*'(Q) of S((5), the projected formula being given by 

Nevertheless, we may regard not only Vyip~^ but also Vyip' , V'~ G r(E~((5)) (e.g. ip~ = 
-^2m'V'^)) a-s well-defined spinor fields on Q^"*, not projected to the slice M^'""^. Therefore, 
the following formula makes sense. 

Lemma 4.1 

Vf:(F2m • = F2m ■ ^1^^ ■ 

Proof. We compute 

= -ll{V) ■ ^+ + F2m ■ {V|;V'+ + ^n(F) • F2m " 

= F2^-vf:v+-^n(y).v+. 

On the other hand, 

K{F2m ■ = Vf;(F2„ • V+) + \ll{V) ■ F2m ■ i^2m " V'^ 

= Vl{F2m-^^)-\ll{V)-^^. 
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Comparing the latter equation with the former, we complete the proof. ■ 
In order to represent the Dirac equation 

" - 1 

1=1 

with respect to reference metric, we need the following lemma that one verifies straight- 
forwardly using Proposition 3.1. 



Lemma 4.2 



= - V^^ - ^ • (L o II o L-'){E,) . ^ 

i=l 

_ n -\ ^ 

-4 E^^ • • <^ + i E^^ • i^mL-'E,) 

i=l 1=1 
n 1 " 

+4 E • ^(vi-ii,,c) • + - E • ° ° L-^m) ■ ^ 

i=l 1=1 
1 " 

+-Y,dp{L-^Ei)Ei-En+i- 



2 ^^^^ — V — — / — — nj~r ^ 

i=l 

Lemma 4.2, combined with Proposition 2.3, yields the following hyperbolic representation 
of the Dirac equation immediately. 



Proposition 4.1 

vL+iV' = v^V'-AQp£;n+i-V + f(iVsn)V' 

n 1 " 

• { E • ^i-ifi,^ + 4 E ^^9)i^^^3 -E^-Ex-^^ 

i=l j,k,l=l 
-j^ n n 

+4 E • • V + f E • ° " ° • ^ 

i=l i=l 
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i=l 1=1 

-j^ n 1 " 

-- 5^ • (L o e o L-i)(£;i) • V' - 2 5Z dp{L-^Ei)Ei ■ En+i ■ ^. 
i=l 1=1 

Although the equation in Proposition 4.1 is valid in both cases, n = 2m and n = 2m — 1, 
it is also very useful, in the latter case n = 2m— 1, to consider the decomposition of spinor 
fields, 

^ = ^+ + F2m-'P+, V+,¥'+er(E+(Q)), 

and rewrite the representation in Proposition 4.1 equivalently as follows. 



Corollary 4.1 

^ky'' = VfV;+ + AQp^+ + |(TV^II)^ 

2 m- 1 , 2m- 1 



1=1 j,k,l=l 

+\ E E^■{V\^L){L-^E,).i^+ + P- E,.{LolloL-')iE,).^^ 
1=1 i=l 
^ 2m-l ^ 2m-l 

-4 E • {^lL){L-^E,) .^+--J2Ei- HVU^X) ■ ^+ 

i=l i=l 
2m-l 2m-l 

-^Ei-iLoQo L-^){Ei) • - ^ E dp{L-'Ei)Ei ■ E^^ ■ V'^, 



4 ^ ^ V /V r 2 

i=l 1=1 



2m-l ^ 2m-l 

-pE2m • { E • K-^E^ + 4 E i^ghkiEj -Ek-Er ip+] 

i=l j,k,l=l 

+\ E E,.{V\^L){L-^E,).^+ + ^^ Yl Ei-iLoIIoL-'m). 

i=l i=l 
-. 2m— 1 I 2m— 1 



i=l i=l 
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2m- 1 2m- 1 

--^ Ei-{LoQo L~'){Ei) . ^+ + - ^ dp{L-^Ei)Ei ■ ^2m • 
i=l 1=1 

We close this section with representing the energy-momentum tensor 

Tjj{X,Y) = ^(^X-Vlij + Y-Vl^, e = ±l. 

hyperbolically with respect to codimension one foUation. To this end, it is important to 
notice that, if V be a solution of the Dirac equation Djjtp = Xqtp, Xq G M, then the 
following equation is valid : 

V^^^.V- = -AgFn+i ■ ^ + ^(Trgll)^ + F^+i • (f^ • K,^)- 

i=l 

Proposition 4.2 For any solution of the Dirac equation = ^Q^^ on (Q""*"^, we 
have 

Trjiv, w) = ^(v- vli^ + w ■ vl^p, v) 

+^ ({y • ii(w^) + w ■ ii{v)} ■ Fn+i 

n 

1=1 

n 

T^(F„+i,F„+i) = -i(^{^Fi-V%^)-\Qi^, i;). 

i=l 

In case of n = 2m — 1, we consider the decomposition ip = if)'^ + F2m ■ ^'^ and can 
equivalently rewrite the formulas in Proposition 4.2 as follows. 



Corollary 4.2 For any solution tp of the Dirac equation Djjjp = Xgip on {Q^"^,ri) , where 
= ip'^ + F2m ■ ^'^ , we have 
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+ \[{V ■ II{W) + W ■ UiV)} ■ (/^+) 



2m- 1 



1=1 

2m-l 

2m- 1 

i=l 
2m- 1 

+ |(i^2m-(5; i^i-V|^^+), ^'") 
i=l 

5 A sufficient condition for the existence of solutions to the 
weak Killing equation 

Let us suppose that (Q"^^)^) satisfies 

mcr,{V,W) = ^r]{V,W), Ric^(y,F„+i)=0, dSr,{V) = Q 
for all V,W ^ ^n+i- Then the weak Killing equation becomes 



and 
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Thus we have proved the following proposition. 



Proposition 5.1 Let {Q satisfy the following conditions: 

Ric^(y, W) = ^ri{V, W), RiCrfiV, = 0, dS^(F) = 0, 

II{V,W) = '^^''^f+'\ {V,W). 

Under this assumption the weak Killing equation is equivalent to the system of differential 
equations, 

Vl4^ = and V\^^tlj = -XqFn+i ■ i/j + ^TVg(II)V'. 

As an application of Proposition 5.1, we arc going to prove below that every parallel 
spinor may evolve to a WK-spinor (Theorem 5.1). For this purpose, we first show that 
there indeed exist some special metrics satisfying the hypothesis of Proposition 5.1. Let 
(5"+^ = M" X M be a product manifold, and let the product metric rj = gM x 9r be the 
reference metric on Q"^"*"^, where gM indicates an arbitrary Riemannian metric on M" and 
gM. the standard metric on the real line M. We write g^ = dt dt, using the standard 
coordinate i G M. By (Ei, . . . ,En) we denote a local orthonormal frame on {M''\gM) as 
well as its lift to (Q"+^,7y). Let E^+i = ^ denote the unit vector field on (M, 5r) as well 
as the hft to (Q"+\r/). Then it is clear that e{V) = -V^^„+i = for all vector fields 
V G For simphcity, we denote by WP{gM',CL) the following class of metrics (the 

warped products of gM and ) : 

n 

rj = e^[^E^®E'^ +e''Ut®dt, 

1=1 

where / : M — > M is a real-valued function and a G M is a real number. 



Lemma 5.1 For all rj G WP{gM',o), we have: 

e-(t-i)/f, 
ll{V,W) = —^n{V,W), 



%(n) 



ne a//^ 
2 

2^ ne-^fftft 



19 



(pf 

where we have used the shorthand notation ft := df{En+i) and fu '■= -j^ = (V^^^^d/)(-E„+i) 
Proof. Since L = eil (in the notations of Section 3), we have 



{Vi,L){W) = and {Vl^^,L){W) = ^-^W, 
and hence Corollary 3.1 gives 

ii{v,w) = —^n{v,w). 

Using this, one checks all the equations of the lemma easily. ■ 

Substituting Lemma 5.1 in Proposition 3.2 as well as in the Gauss-Codazzi equations 
(Lemma 3.1), we obtain the following lemma immediately. 



Lemma 5.2 For all r] G WP{gM',a), we have: 

mc,iv,w) = Ric,(i^,i^) + {-^-|i^ + ^^^-(^ 

Ric^(F,F„+i) = 0, 
Ti\r (P P ^ - n/tt . n(a-l)/Jt 

c,_ _ -fq_ ^}ftt , n(2a - n - l)fth 
- ^ ^9 ^af + 4ea/ 



Lemma 5.3 rj G WP{gM', o,) satisfies the hypothesis of Proposition 5.1 if and only if 
either 

fit) = ct (a = ^) 

or 

4 , (n-2a)ct^ / , n (n - 2a)ct \ 

where /(O) = and c := /t(0). The scalar curvature of the metric fj is non-positive and is 
equal to 



no _ncf , nc f 4 + (n — 2a)rf ~i ;r32^ 

e •— -> ' ' ' ' 

4 



nc j 4: + [n — Za)ct\ 
~ ~\ 4 / 

respectively. 
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Proof. Using Lemma 5.1 and 5.2, we compute 

RiCrjiV, W) - ISrjfiiV, W) = i!i^e-^^{4/« + (n - 2a)ftft}rj{V, W) 

and 

nS^ll{V, W) - dS^{Fn+i)fj{V, W) 

= ^e-i«^{8/t« - 4(4o - 2n - l)ftftt + (2a - n){2a - n - l)ftftft}r](,V, W). 

Since Afu + (n - 2a)/t/t = implies 

Sfttt - 4(4a - 2n - l)A/« + (2a - n)(2a - n - l)ftftft = 0, 

the hypothesis of Proposition 5.1 is satisfied if and only if Aftt + (n — 2a)ftft = 0, which 
can be solved completely as given in the lemma. ■ 



Proposition 5.2 Let (M^^jgfjv/) be a Riemannian manifold admitting parallel spinors. 
Then, for any real number Xq G M, there exists a warped product metric 7] £ WP (gM ', a) 
(see Lemma 5.3) on Q'^^+^ = M^"* x R such that {Q'^'^'^^ ,f]) admits a WK-spinor to 
WK-number Xq . 

Proof. Let Vm ^ r(S+(M)) be a parallel spinor on M^"*. Let tp'^ = h'^tp'f^ be a spinor 
field on Q2m+i defined by 

V'+(x,t) = h+{t)4jlj{x), {x,t) e M^'" X M, 

where : M — > C is a complex- valued function with h'^{0) = 1. Let ry G WP(g'M;a) 
be a warped product metric given as in Lemma 5.3. Now recall that, in our realization of 
Clifford algebra, the volume form /xm of (M2"^,5m) acts on S±(M) via 

Since -E'2m+i • f = {\f—^)"^^^IJ^M ■ ^ for all spinor fields on Q^"*"'"^, we have 

By Proposition 5.1, is a WK-spinor to WK-number Xq if and only if the function 
satisfies 

ht = -(V^)^'"+^AQet//.+ - ^fth+, 
which obviously allows a global solution. ■ 

We now extend Proposition 5.2 so as to include the case n = 2m — 1. 
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Theorem 5.1 Let {M'^,gM) be a Riemannian manifold admitting parallel spinors. Then, 
for any real number Xq G M, there exists a warped product metric rj G WP((7Af;a) (see 
Lemma 5.3) on Q"+^ = M** x R such that (Q""*"^,??) admits a WK-spinor to WK-number 
Aq. 

Proof. Because of Proposition 5.2, it suffices to prove the theorem for the case n = 2m— 1. 
Let if'j^ G r(S+((5)) be a paraUel spinor on M^™~^, and let ip = h'^ip'j^ + k^E2m ■ V'm 
a spinor field on Q^"* defined by 

ip{x,t) = h+{t)iplj{x) + k+{t)E2m ■ ^l^(x), {x,t) G M2™-i X M, 

where h~^,k^ : M — > C arc complex-valued functions with h'^{0) = k^{0) = 1. Let 
rj G WP{gM',ci) be a warped product metric given as in Lemma 5.3. By Proposition 5.1, ip 
is a WK-spinor to WK-number Xq if and only if A:+) satisfies the system of differential 
equations, 

h+ = -?I!l^f,h+ + XQe'^fk+ and fc+ = -AQet//i+ - 
This is a linear homogeneous system and hence allows a global solution. ■ 

Remark 5.1 The WK-spinors constructed on at the end of Section 8 in the paper 
[11] (see p. 171) are a special case of Theorem 5.1 (for the metric fj G WP{gM',a) with 
f{t) = ct). 

6 The initial-value formulation for the Einstein-Dirac equa- 
tion 

In this section we set up an invariant initial-value formulation for the Einstein-Dirac 
equation 

R-ic^ ~ 2^'nV = Trj, Drill; = Xqip, Xq G M, 

where 

Tjj{X,Y) = ^(^X-Vl^ + Y.Vli^, e = ±l. 

The formulation will be applied in the next section to establish a local existence theorem 
for a specific class of initial data sets(see Theorem 7.1). Following the work [7] as a 
guideline, we can indeed express the evolution equations as well as the constraints in an 
invariant form. For simplicity, we write 

A := Ric^ - ^Srffj - Tjj. 
The tensor field A decomposes into three parts 

A = A^ + I A^ ® + A^} + A^ ® , 
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where 

n n 
i,j=l i=l 

Restricting the equations, A^ = and A^ = 0, to a fixed sUce, we obtain the momentum 
constraint 

Tg{Fn+i, V) = d{Trgll){V) - div^(II)(F) 
and the Hamiltonian constraint 

where Tg denotes the restriction of Tfj to the shoes. The information on the evolution 
should be contained in 

A^ = 0, 

or any combination of it with the constraints. The evolution equations should be chosen in 
such a way that, under the evolution, local preservation of the constraints is guaranteed. 
We consider the evolution equations of the form, 

A{V,W) = A{F^+,,F^+^)-fj{V,W) and = Xq^, Aq G M. 

Note that, under this evolution, the tensor A becomes 

A = A^ (g) + ^A^ + A" -rj. 

Proposition 6.1 The equation 

A{V, W) = A{Fn+i,Fn+i) ■ rj{V, W) 

is equivalent to 
Ric77(y, ^) 

= + 1^9(11') - (T%n)' - Tr^m) + 2Tjj{Fn+i,Fn+i)} ■ rjiV, W) + ^V, W). 

Proof. Contracting the equation 

A{V, W) = A(F„+i, • rjiV, W), 

we see that 

n — 1 1 
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from which it follows that 

mCr,{V, W) = ^{5^ - T^rfiTrf)} ■ rj{V, W) + TjjiV, W). 

Let us contract this equation. Then, with the help of the Gauss equation (iii) in Lemma 
3.1, we obtain 

which gives the asserted formula immediately. The converse is easy to verify. ■ 

Now we should verify that the constraints are indeed preserved under the evolution 

A{V, W) = A(F„+i,F„+i) • fj{V, W), Drii^ = XqiP. 

We note at this point that the divergence of the energy-momentum tensor Tjj vanishes, 
div^(r^) = 0, since Tfj is defined by eigenspinors of the Dirac operator Djj (see [12]). 
Then, computing the divergence, div^(A) = 0, and expressing the covariant derivative V 
in terms of V, we find that 

n n 

n n 

-A^ ri{A,{E„E,), E,)F, - (TV^II) A^(F,)F, 

i,j=l j=l 
n n 

i,j=l j=l 

and 

n 

= 5^(V^.A^0(^.)i^n+l + (c/A^)(i^n+l)i^n+l 

i=i 

n n 

+ J2 A^((V|,^.L-i)(E,))F„+i + J2 e{Fj,Fj){pA" + A^(0}i^„+i 

n n 

where we have used the formula established in Proposition 2.1, 



^l.Fj = L-\Vl.,EEj)+L-'{Ag{Ei,Ej)}. 
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Rewriting the above two equations with respect to 77-orthonormal frame (£^1, . . . , En,En+i), 
we arrive at a nonhnear hyperbohc system of first-order differential equations of the form 

n 
k=l 

where 

n 

$ = {^A^(£;,)^,} + (A^)£;„+i, 

3=1 

and C is a (l,l)-tensor field given by 

n 

C] = -(TVjII)(L-2)}-p-i5](L-2rr?(V|^C + e(£;„),^,), 

u=l 

n 

= {L-^r{v{^9{Eu,E^), E,) + rj{Eu, Ag(£„, £,))}, 

u,v=l 

n n 

u,v=l u,v=l 
n 2 " 

- v{L-\Ag{E^, E^)}, Ej) + - J2iL-')^MEu), 

u=l ^ u=l 

n 

ciXl = p i;(L-2r"G(£;„,i?.). 

u,v=l 

We observe that the (1, l)-tensor fields A{k) and B are symmetric (with respect to reference 
metric 77). Moreover, B is positive definite {B > cl for some positive number c > 0), 
provided that every slice of Q"^^^ is compact. Thus, it is shown that, under our evolution, 
the constraints are locally preserved. Note that, when we consider the warped product 
metrics as in Section 5 and Section 7, the local preservation of constraints holds without 
the assumption that every slice of Q'*"'"^ is compact. 



Next, we state a complete set of evolution equations for the Einstein-Dirac equation. 
Soon we will also define the corresponding initial data sets precisely. Combining Corollary 
3.1, Proposition 3.2, Proposition 4.1, 4.2 and Proposition 6.1 altogether, we easily obtain 
the evolution system of three differential equations, describing the evolution of metrics 
L?' =g , that of symmetric (0,2)-tensor fields II and that of spinor fields il) , respectively: 

(El) rj{{V\^Lm, L{W)) + V{L{V), {Vl^^,L){W)) 
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= vii^imV), LiW)) + r,{LiV), {VlL)iW)) 



+ri{Vi,C + e{V)-pII{V), L\W)) + ri{L\V), V^C + Q{W) - pU{W)), 

+^ (^{V ■ U{W) + W ■ 11{V)} ■ Fn+i ■ iJ, V) 

+p • { - Ricp(F, W^) - 2g{V, ll\W)) + (TVgll) • 11{V, W)] 

+5(e(y),ii(T^)) + 5(e(w),ii(y)) + (vf^.dp)(F), 
= vf^-AQp£;„+i-v + ^(Tv^ii)V' 



i=i i,*;,i=i 

-, n n 
i=l 1=1 



4^ ^ V ■ ^ /V ^/ r 4 

i=l 1=1 



^ n 1 
i=l i=l 
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In case of n = 2m — 1, the equation (E3) may be certainly replaced by the one in Corollary 
4.1, and the terms for Tr^(T^) and Tjj{Fn+i, Fn+i) in (E2) may be replaced by the ones in 
Corollary 4.2. 

Let us now define the initial data sets. We derive the constraint equations on initial 
hypersurfaces in a natural way, by combining Proposition 4.2 (Corollary 4.2) with the 
relations, 

TrfiV,F^+,) = Ric^(y,F„+i) = diTigII){V) - diVg(II)(F) 

and 

mFn+i,Fn+i) = Ric^(F„+i, -^Sr,= ^{-Sg + (TVgll)^ - TVg(II o II)}. 

Definition 6.1 (In case of n = 2m) An initial data set {M'^'^,g, Hm, V'm) for the Einstein- 

Dirac equation on (5^"*+^ consists of a slice M^™" with, defined on it, a metric 'g, a sym- 
metric (0, 2)-tensor field IIm and a spinor field ipM satisfying the momentum constraint 

d{TrgIlM){V) - dWgillMW) 
as well as the Hamiltonian constraint 

Definition 6.2 (In case of n = 2m — 1) An initial data set (M^"^~^,^, IIm, V'm' '/^m) 
for the Einstein-Dirac equation on Q^"^ consists of a slice M^"^~^ with, defined on it, a 
metric g, a symmetric (0, 2)-tensor field IIm and two spinor fields V'm' fti satisfying the 
momentum constraint 

d{TrgUM){V) - diYg{llM){V) 

as well as the Hamiltonian constraint 

-Sg + {TrgllMf - 'IV^(IIm o IIm) 

= -e(^9V'M' '/'m) -e(%<^M' V'm) +e^Q{(V'M'V'M) + (¥'M'¥'M)}' AqGM. 
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7 A local existence theorem 



For a specific class of initial data sets, we will establish a local existence theorem for the 
Einstein-Dirac equation. Let us begin with the case n = 2m. Let Vm = "^m + V'm ^ 
spinor field on {M'^'^,gM) with V'm ^ r(S=^(M)). Let rodd(V'M) denote the space of all 
spinor fields of the form ij; = h'^il)~li + ^"V'm Q^'""'"^ = M^"* x R defined by 

i^{x,t) = (x) + (x), {x,t) e X M, 

where /i^ : M — > C are complex- valued functions. The following lemma is an immediate 
consequence of Proposition 4.2, combined with Lemma 5.1. 



Lemma 7.1 Let i/jm = "(Pm + '^M ^ '^^^^ Killig spinor on (M'^"^ , qm) with 

Then (V-'M; V^m) = (V'm' V'm) + (V'm' ^m) constant on M"^^ , and the energy-momentum 
tensor, determined byrJE WP{gM',o,) and ip G ^oddii^M), is given by 



TrjiV,W) 
Tr){V, F2m+l) 



ei { {h+^P^, h-^l;-^) + {h-i^+j, W), 



4m 

(2m + l)eAM 



8m 



_ (2m + l)eAM (^-^^^^^.^.^+^ 



r»7(-^2m+l) -?^2m+l) — " 



8m 



Proposition 7.1 For 77 G WP(5M;a) a^^^ "0 ^ ^odd{'4'M), the evolution equations (El), 
(E2), (E3) for the Einstein-Dirac equation are equivalent to 



2m + 1 



4m(2m — 1) 



eAMe("-5)^{(/i+, h-) + {h-X)}{i>M,^M), 
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where we have used the notation { , ) (for complex-valued functions) to mean the standard 
Hermitian product. 

Proof. Proposition 4.1 implies that ^ = /i'^V'M + ^ V'm ^ ^oddii^M) satisfies the Dirac 
equation, 

Drfip = Xqijj, fj e WP(5m; a), 

on (Q^™^^,??) if and only if the second part (ii) of the proposition is true. It remains 
to verify that the first part (i) of the proposition is locally equivalent to the evolution 
equations (E1)-(E2). Substituting Lemma 5.1, 5.2 and Lemma 7.1 in Proposition 6.1, we 
obtain 

f aftft 2 ^2(a-l)f 

Jtt = 2^'^^) ^ 

2 



2m 



_^ 2m + I 



2m(2m - 1) 

Now we must note that the second part (ii) of the proposition implies 

j^{{h+, h+) - {h-, h-)} = -mft{{h+, h+) - {h-, h-)}. 

Therefore, provided h'^{Q) = h~{0) holds initially, the equality = {h~,h~) is 

valid locally in t, and hence 

is valid locally in t. Moreover, it is evident that 
Thus we complete the proof of the proposition. ■ 

Let Re(/i^) and Im(/i^) denote the real and imaginary part of the complex- valued functions 
h"^, respectively. Then, we observe that, if we take 

^ = (/, ft, Re{h+), Im{h+), Re{h-), Im{h-)) 
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as a set of six unknowns, then the system of evolution equations in Proposition 7.1 reduces 
to an autonomous eqution 

dt ^ ' 

for some vector field H defined on the six-dimensional Euclidean space R^. This fact 
implies that, to each initial data, there corresponds a unique smooth local solution to the 
evolution system in Proposition 7.1. 



Proposition 7.2 Let (M^"^, be a Riemannian manifold admitting a real Killing spinor 
ipM- Then, for any real number Xq G R, there exists an open interval {—uj,uj) C R and 
a warped product metric rj on Q^™^^ = M^"* x (— a;,aj) such that (Q^"*"*""^ , ry) admits an 
Einstein spinor tp to eigenvalue Xq . In particular, if ipM is a parallel spinor, then the 
Einstein spinor ip coincides with the WK-spinor in Proposition 5. 2. 

Proof. Let ipM = V'm ^ ^^^^ Killing spinor, to Killing number — ^ G R, on the 

initial hypersurface {M'^"^,gM)- We identify M^™ with the subspace M^"^ x {0} C M^™ x 

2m 

R. Lei rj = ef(^Y^ E'®E^ +e"^ dt^dt € WP(5m; a) and ^ = h+ijj;j+h-'ip]^ G PoddlV'M) 

i=l 

satisfy the initial conditions, 

/i+(0)=/i-(0) = l, /(0) = 0, 

and 

fra\ ^ / 4(Am)^ , 2e(AQ - Am) , , ~ 

/t(0) =±W — + T^{i^M,1pM), 

y m"^ m{2m — 1) 
where we can always control e = ±1 and {;4'm-,'4'm) = constant so that 

4(Am)" , 26(Aq-Am) ,, , . 
m[2m — 1) 

is nonnegative. Let IIm = —^ft{0)gM be the symmetric (0,2)-tensor field required to 
prescribe initial data. Then, with the help of Lemma 7.1, one verifies that the initial 
data {M'^"\gM, ^^M,tpM) satisfies the constraint equations in Definition 6.1. Moreover, 
we know that the evolution system in Proposition 7.1 is an autonomous equation and 
hence allows a local solution satisfying the initial data. This proves the former part of 
the proposition. Let us now suppose that the spinor ipM is a parallel spinor (Am = 0). 
In this case, we may assume that ^pM = V'm ^ r(I]+(M)) and V' = h'^ifj'^, and hence the 
evolution system in Proposition 7.1 simplifies to 

m 



ht = —fth^ + iV^ir^'XQe^^h^ 
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On the other hand, since ip is (locally) an Einstein spinor, the equation 



gives 

Thus, it follows that the function / must satisfy ftt + ^^^^^Y^ftft = whose solutions are 
exactly the ones given in Lemma 5.3, with n = 2m. ■ 

Now, we proceed to the other case n = 2m — 1. Let ip~^ be a spinor field on M^"''^'^ 
(Note that we have identified S(M) with T,'^{Q)). Let Teyeni^ti) denote the space of all 
spinor fields of the form (p = h^^p]^ + k'^E2m ■ ^ti Q^"^ = M^"*~^ x R defined by 



<p{x,t) = h+{t)^+{x) + k+{t)E2m ■ 'ftii^), {x,t) € M 



2m-l 



X 



where h'^, k'^ :M. — > C are complex- valued functions. The following lemma is an imme- 
diate consequence of Corollary 4.2 combined with Lemma 5.1. 



Lemma 7.2 Let </?^ be a real Killig spinor on (M^™' ^^gu) with 

Then {(f~^,ip'\^) is constant on M^™"^, and the energy-momentum tensor, determined by 
f] e WP{gM;a) and if G Fcveni^tf), ^•^ 5*^^^ 

Tt}{V,W) = ^^eHh+^ti^k+^tiHV,W), 

Trf{V,F2m) = -^^ih''V-E2m-V^tl^ k+^+), 

Tr,iF2m,F2m) = -eXue'^ ih+ cp+ , k+ cp+) + ^ {{h+ cp+ , h+ ip+,) + {k+ ip+ , k+ cpi,)y 



Proposition 7.3 For rj G WP(5m;o) o-nd ip G FevenifM), the evolution equations (El), 
(E2), (E3) for the Einstein- Dirac equation are equivalent to 

/.N f _ aftft __^^_{\ \2ja-l)f 
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+7 ^ -6AMe(-^)^(/.+^+ , fc+<^+ ), 

(m — l)[2m — 1) 



where we may choose h~^,k~^ to be real- valued functions. 

Proof. Corollary 4.1 implies that ip = h^fXj + k^E2m • V'm ^ ^eveni^td) satisfies the 
Dirac equation, 

Drfip = Xq(p, rj e WP (c/m; a), 

on (Q^™, 77) if and only if the second part (ii) of the proposition is true, where h'^, fc+ may 
be chosen to be real-valued functions. Substituting Lemma 5.1, 5.2 and 7.2 in Proposition 
6.1, we obtain the first part (i) of the proposition. ■ 

With the help of Proposition 7.2 and 7.3, we prove the main theorem of the paper. 



Theorem 7.1 Let {M'^^qm) he a Riemannian manifold admitting a real Killing spinor 
(fiM- Then, for any real number Xq € M, there exists an open interval {—lo,uj) C M and a 
warped product metric r] on Q"^^^ = M" x (—u),uj) such that {Q"'^^,r]) admits an Einstein 
spinor ip to eigenvalue Xq . In particular, if ifM is a parallel spinor, then the Einstein 
spinor coincides with the WK-spinor in Theorem 5.1. 

Proof. Because of Proposition 7.2, it suffices to prove the theorem for the case n = 
2m — 1. Let (p'j^ be a real Killig spinor, to Killing number — 2^1 ^ on the initial 

2m- 1 

hypersurface {M'^"'-'^ , gn)- Let 7/ = ^ E'^ + e"-^ dt ® dt & WF{gM;a) and 

i=l 

if = h'^ip'^ + k'^E2m • V'm ^ r'even(<^j^) Satisfy the initial conditions, 

/i+(0)=fc+(0) = l, /(0) = 0, 

and 



frm + 16(Am)^ , 46(Aq - Am) , + 
y (2m — ly [m — l)(2m — 1) 

where we can always control e = ±1 and {<p>M-i Vm) = constant so that 

16(Am)^ 4e(AQ-AM) , + 
(2m - 1)2 ^ (m - l)(2m - 1) 
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is nonnegative. Let IIm = —^ft{0)gM be the symmetric (0,2)-tensor field required to 
prescribe initial data. Then, with the help of Lemma 7.2, one verifies that the initial data 
set (M^"^,gjv/) IImj^m ~ vtif'^M) satisfies the constraint equations in Definition 6.2. 
Moreover, as in the case of n = 2m, we find that there exists a unique local solution to 
the evolution system in Proposition 7.3 satisfying the initial data. One proves the latter 
part of the theorem in a similar way as in the proof for Proposition 7.2. ■ 

The Einstein spinors of Theorem 7.1 do not generally extend to M" x R, since the evolution 
system in Proposition 7.1 (resp. Proposition 7.3), in general, do not allow global solutions. 
However, via rcparametrization {-co, co) — > M, we conclude that, indeed, there exist global 
solutions to the Einstein-Dirac equation on M"- x R. 



Corollary 7.1 Let {M'^,gM) be a Riemannian manifold admitting a real Killing spinor. 
Then, for any real number Xq G M, there exists a warped product metric fj* on Q'^'^^ = 
M" X R such that {Q"'~^^,rj*) admits an Einstein spinor to eigenvalue Xq. 

Proof. We consider the case n = 2m. The same argument is valid for the other case 
n = 2m — 1. By Theorem 7.1, there exists a solution (Jj, ip) to the Einstein-Dirac equation 

2m 

on M^"* X {—u!,Lo) for some positive number w, with fj = e-'^^^-B' E^^ + e'^^dt (g) 

i=l 

dt G WP{gM',a) and V = + ^~'^m ^ ^oddi'^M)- Let 7 : R — *■ (—a;, a;) be a 

diffeomorphism, e.g., defined by 

7(5) = — arctan(s), s G M. 

TT 

Now we pull back the metric rj as well as the Einstein spinor tp to M^'" x M via the 
diffeomorphism 

1x7: M^™ X M — > M^"^ X {-Lo, Lo), (x, s) I — > {x, 7(s)). 
In fact, using the diffeomorphism 7 and the relations, 

dt ds / 2 1 \ 

ds " 7r(s2 + l)' ~dt^2^^^ ^ 

we can explicitly express the puUbacked objects as 

2m . 2 

r := (/ X 7)*(^) = e^\Y.^'® E') + e«/* -—^^ds ® ds, 

1=1 

where f*{s) = (/ o 7)(s), and 

r := (/ X 7)*(V) = o 7)V;+ + (h- o ^)rM. 
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Obviously, {rj*,ip*) is a global solution to the Einstein-Dirac equation on M^™ x M. ■ 
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